arXiv:submit/5165108 [math.AP] 10 Oct 2023

A REMARK ON A PAPER OF F. CHIARENZA AND M.
FRASCA

N.V. KRYLOV

ABSTRACT. In 1990 F. Chiarenza and M. Frasca published a paper in
which they generalized a result of C. Fefferman on estimates of the
integral of |bu|P through the integral of |Dul? for p > 1. Formally their
proof is valid only for d > 3. We present here further generalization
with a different proof in which D is replaced with the fractional power
of the Laplacian for any dimension d > 1.

Let an integer d > 1 and let R? be a Euclidean space of points x =
(z',...,z%). Fix a € (0,d) and consider the Riesz potential

flz+y)
Baf(z) Re |ylie
We denote by B, (z) the open ball of radius r centered at z, B, = B;(0),
B, the collection of B,(x), S1 = {|z| = 1}. Our main result is the following,
in which r,p, A are some numbers and b = b(x) is a measurable function.

Theorem 1. Assume a <r, 1 <r <p<d,b>0, f € L,, and for any

p>0and B cB,.
1
<][ bpdx) /pgAp_a.
B

Fim [ VIRl dr < Nedrp)a [ |7 d. (0.1)
Rd R4

Then

Below by N we denote generic constants depending only on «,d,r,p,q.

Corollary 2. Ifu € C§°(R?), then

/ b |u|" dz < NAT/ !(—A)a/2u\de
R4 R4
and, if « = 1 and hence d > 2, (the Chiarenza-Frasca result)
b luf" de < NA’"/ \Dul dz.
Rd R4

Indeed, f := (—A)a/zu satisfies f € L, and R,f = u and the L,-norms
of Du and (—A)Y2y are equivalent.
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Remark 3. The author have used the Chiarenza-Frasca theorem in a few
papers leading to [5] about strong solutions of It6’s equations. Theorem 1
paves the way to treat equations driven by Lévy rather than Wiener pro-
cesses.

We prove Theorem 1 adapting to the “elliptic” setting the proof of The-
orem 4.1 of [4]. We need two auxiliary and certainly well-known results in
which M is the Hardy-Littlewood maximal operator.

Lemma 4. If 1 < g < p, it holds that
Ro(b9) < NAM(b?)) /4,
Proof. We have
Rab9(0 N/ rol . b4 (r6) o (df) dr
1

—N/ add/ be da dr
gN/ adl/ quxdr—N/ +N/
0 B

< NpM(b?) + Np@™ ¢ A9,
where we used that

]{BT Vldx < <][ bpda:>q/p < AlpT9e,

T

For
PO = M)A, % = M)V
we get the result. O

Lemma 5. For any p >0

[:= [ WMlIp,ds < NAPp? P>, (0.2)
Rd

Proof. We have ;

p
MIBP S N(IBP + I‘x‘>pw)

and

» bPIp, < NAPpi—Pe,

pd/ _dd / W da dr < dp? / pd-t bP dx dr
P P By

o0
< diAp/ TP g = Npd=PaAP,
p

This yields the result. U
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Proof of Theorem 1. It suffices to concentrate on f > 0. Then first
assume that bP € Ay, that is M(bP) < NbP. Observe that for v = R, f we
have

[:/ (b’"vr_l)Rafda;:/ Ro(0"v" Y fdx < ||fllL, || Ra (b0 )
R4 R4

Iz,
(0.3)
where ' =r/(r —1).
Next, take v > 0, such that (1 +~)r < p, 1+ < p,and r > 1+ ~.
Note that
Ra(brvr—l) — Ra(bl—i-’y(br—l—'y,vr—l))

< (Ra (b(1+’Y)7“)) Yr <Ra (br—'yr’vr)) (T_l)/T‘

It follows that

HRa(bT’UT_l)HLT/ < (/Rd br—'yr’eraKRa(b(Hv)r))

Now in light of (0.3) we see that, to prove the theorem in our particular
case, it only remains to show that

1/<r—1>} )<r—1>/r.

dx

R, [( Ra(b(m)r))l/ (H)} < NYA” (0.4)
By observing that 1 < (1 +~)r < p and using Lemma 4 we get that
Ra(b(l—l—'y)r) < NA(M(b(H«/)r))1—1/(T’+W“)’
where by assumption and Hélder’s inequality

(M (b(l-i-'y)r) ) 1=1/(r+rr) _ [(I\\/JI (b(l-i-'y)r) ) 1/(T’+’Y7“)] (A+y)r—1

< NpHr=1 = Npr—l+or,
Hence,
R, [(Ra (b<1+“0")) Y (H)} < NAYC=DR pl+
By Lemma 4
R, b < NA(M(bl-i-*yr’))l—l/(l—i-'yr’) < NAY"

This yields (0.4) and proves the lemma in our particular case.

We now get rid of the assumption that M(b?) < NbP as in [1]. For
po = (r+p)/2, p1 = (r + po)/2 we have bPt < (M(bP0))P1/Po .= pP1 and
since p1/po < 1, bP1 is an Aj-weight with the A;-constant depending only
on p1/po (see, for instance, [3], p. 158). Therefore, (0.1) holds with b in
place of b and it only remains to show that for any x, p,

W1 de < Npl—Pragrr, (0.5)
Bp(x)

Of course, we may assume that z = 0.
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Then by Holder’s inequality we see that the left-hand side of (0.5) is less
than

p1/p
Npr-mle /R ), o)

where the integral by a Fefferman-Stein Lemma 1, p. 111 of [2] and the fact
that p/pg > 1 is dominated by

N [ WMIp, dv < NAPp* P,
Rd
where we used Lemma 5. Hence,

l;pl d;lj S di(p_pl)/pAplpmd/p—pla
BP

which is (0.5). The theorem is proved. O
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